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K"Q\)imds : Smnz Gmpﬂk’orj ) Frce Grmp
i)mdnxi('d Dccmw{mgaon of R

Niora of Chore (ZF C)
(;—rmp af 2|) rotations '\Smﬂcrph'm Lo {Jﬂe F\-‘iﬂ grop in 2 QFW'S

The kerm Grap Eiamnm ﬁrg_p_-ﬂxg_r& and Tsomorphisms.
\s derived from the  \hat isa gnw?
trench word .(rrmpc' ~ This abstract Object 15
by Fuarie Galois  Symetry in o. Fashionable Gay.
[or the Study of the

Symimekry Grop of Yook Wﬁfﬁiﬂrﬁﬁ

of ngnor-*.ial‘:. The kypical Gro\:p G conscts of @ Sek of elements of which ® any 2 element= can combine

greatly valved in mathematice due to its abihby ko encode the Noion of

. with each Other under a. certaun b'\mrg grocp 0pemhion 0 prov'odcd Certaun rules ue fd\o.:eé
(Group Axioms) .
Rolesad o y /)?g
T g e Z‘\/\4
(rroup
Sek S C‘ kg J 2 )
W
Q) ClOSurc
(© Idenbiby
@ h\'emﬁ\lw
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I
Lek% LaKe (L Qoo‘x at U\c Dg kDIMWL gr‘oup order 3) group which emodcs Lhe g@gvmc

properties of an equ; lakeral {ri ang\c"p.- l
3

Rigid transtormations

i A 4 a.pplied to Lhe rngurc

leamng itnlookmg unchﬂl)gai':
)
A1 ’5\ The numbers are present

% ju&; to Keep brack of H)e
locations and are disbhnct

(x from Ehe Shape.

N |
\.‘ : l) i | *
)

|
?ms} ble Symmetries
Reflection in axes a,b and C -

< Clockwise rotation of 120° [Same as Ankclockwise rotation of 140
Anbclomwise Motat)on OF l'),oo ~—

< Cloawise rotation of Q%b[Same As RAnticlckwise rotakion of 110°]

%MMW& \’\)e Ccoold Compose the ymmeknes

e-q. Reflection in o followed by a 126° rotation c/w is denote 4

as follows Kf' ¢ &)

red. Sends 1 ko 3 and leaves 2 unchanged (Y’eﬂcct:’on) . Q,
rowkion Sends 3—= 2. — 1 3

A ‘/\2
(ro a.) = b (Same (LS reuecbng Ehmugh b)

e can Construct o able ko map all the krunsformations

——
——




'gee Gmup.

= A grovp F\A)OUH be ‘free’ i( b satisfied o Other conditione than the Qroup (LXIOMS.
"KPr‘opcrHcs

Naon - ideﬁihg elements should have infinike onler

[Group Axioms do rot dickate the order of the elemats |

~ e do not lek the nodwre of the elements and khe result gf l:%a]r compositiens
\n”L)eIYg our gmup‘_

B NOﬂ - Alxllm K No exba commutabive condikons imPo&A)
Unless x =" and 9::0L cof“sonrz U éF,K,LGE

1 An Subgmups Shoulo\ bﬁ Frcc

ta

qucse & qroup & is generted 63 EWwo elemants,Sag {(L,b} a
G’ IS QZII’IN:CA b‘j ?pav,b}" every element. 9‘: G wnbaexpm&dazau)ord in
{a,a:‘,b,b"} ab, 'ba , bbbbb ab = iy b'ab

[ has an id =4

Must have @o” ,bb.', b"b : T :;l\_ n (-
\.Word

Skring concitenat) .

Uzabab ,V=bdo'a [\/\
Uv = abab:/"ba"a :a’baa'a ~Ahao

\/ ¢
Reduction

le’cn any 7 lCOfdg, COQCW\M 2/ "CAU(BO\ (llwaga terminakes and (],hxxudg gmﬂ
0. Unigye reduced Word.




Ld A - {(1,‘)}, FA deﬂ()h':s the Set of all reduced wonds on { (1,&—., b,g"}
(FA, °) IS a grogp with 'n(lent}hj element. £, (imptg wor‘d) .

Il Gis a growp and @ A—G s ary Map then the Mmap ﬁ‘:ﬁ\ = G-defif)cal \)3
£ 0 &t 11
Cr

Pl o) - B B() 5 @ gep homomorghism
\

1) SdZA

(riven any Map W trom sct A inko any (reop (7 the. map Will extend ints an
Unig vehy grop homonnrphum

Aﬂy grmF Wdal \39 Q eJmmts '\S /8 (LUOHml 0(: F A.

Qudcient Grag

9. G/o(
I{: X iS rra&h‘z&,
1t s divided (Quotint o)
to 91e|cl le \d’\kﬂj 4
Pegop. o
effictiy Optting rid of
e demol
Sine Seb B only 414 kity

L ﬂ? LeRarey fk%%ﬂW
X 15 do)'lcrafcd..




Em‘ﬂu}é{mim _OF G 1(% &q.p_

lﬁl X l)a a Set .

SJH)OEc {: 1S G grop ond X € F\‘JP SaLJ “)@ grmp F 1S rrm on X ,r, 3!«1\ any groy (5
and ny Map F: X =G @ extends Uniqudﬂ to a grog lnormmorphi:,m g F—=6

A
X a_F’ y4 Maps the elements of set X inko &

f 3' . /‘ X C—é r k.lnC‘US\On ma-P) mOPS 6\Kry e'CML o‘\
e P N The Subsct X of F
set X Lo itself in F

'r S a rf“ gf‘otp ig we havc Umq'uc Srm.F
homomarphism #' that extends ¢f st “

the Jﬁgmm COMMUkes.
NOTES O Inclusion Map / ( anonical Injection
B + It A 2B, ten the inclosion map 1S the RM::M f | that Serds
@ each element x of A te 2 treated as an element of 13 .
1?A——eg , i\x):oc
1: A —R

A is a sobset of B(AQB)
B is & Swperset of A (B QA)

~

g : i(.)a-&-‘.&t()f

<

C " 15 a proper Subsek of




Sb‘ucbnm rprcSa‘vi%HapS &;huzn Uahbc maticel Skrvckures

- Dcfg OF Injechon : [\my element: of;:%fe 15 linked to
nly ane elerment of U)e d.ommﬂ.,~

BC:A—«*B; \

Injective as all elements of domain is linked X
Lo onlg one elemeat element of be co- domain.,

" | co- domain

Tt is Not Surjeckive as an element of the
Co - doman was left behind !

This mappin3 5 Not o runcl:ion as L elements in
the o -domain are assigned ko one element of Lhe
domain. INPUT

o

or
Note : Use bhe Verkical an test Nachine t Useless . G-.vcno(:_z inpur,, 13 produ.eg
ko Know iF ik is a tuncbion or noe and 2 diffcnzﬂt resolts. P

Use the hthzmbnl J.m: ket Lo Knows [‘ Mom H\aﬂ Ohe ourpuk fa 0 9nvm input]

f ik has an inverse or not ! €q- I{ we have a weather ¢« mputer, We beed

Ik deta. and it produes resuits of both
Skorm and clear weather b 1o, vicless.

N NS




A Afm OF CO "CJON‘mn Covered ‘,)9 {(ndﬁon
i\.&jafiaon / /,Tarae't of khe chtion

3 Sugccuve it range e.qyafs the co- domain-
- Surjective if cvery element of co -domain 15 assqned to at leask ore valve in Ehe domain

o (N0 one in the co-domain is left: lrJ)'and)~

Ik is Sugechve bok not injeckive s an element
of the range is linked ko more than one element
of the domain.

Ik 1< still (Lgmction s ) inputs coan have
the. Same resvits. Rot We will Not be able
to determine the inverse Mop,

Sijection is when o function is both injeckive and Surjective.

Noke = tor o bijection, domoin and co-domain Mugt have same Cardindlity.

Let

eq. be[0,) — [0,5) be defined by F(x) =va, This function is both injective. £ Surjeckive

Tl":ucrat, fis bijecbve.

Example(2)

S,Ffd,c r(»") =
'I{ DOW.(‘), CODOW(F) = IR,‘? 15 nenH;cr iﬂjedl()ﬂ Nor Surjection.

Ik is Not Suryection A5 range is not equal ko coDomin.,
Tng(F) (R ofo})  Ssame o WA,
gt/ = J same o3 imoge (Oukpet of bhe oo et )

coDom(f) =IR 3
No nomber in dormain ith .rmge of -1 W‘;’#‘i V‘xza f ((x) = -3

F cannoc go ko ~Ve real Nombecs

Tk is nok 0 ineckion as More than one distinct. element in the domain s Mapped ta the Same ﬁ

ekiment of HB ml‘ge- 6’"}- FM) =1 .‘ Same |
P(-1)=1]




Cg-/provc that bhe ant]m C IN =N be debined bﬁ Hn) =R IS Ineckive..
o

Lot ab €N st Ha) 4\5)

= @ =b by defn of ¢

2 G=3Nb

= A=+4b or a=-b

Since Dom\D EIN = both a.,b Must be Non - Neqakive
- A =+b

This shows Ya¥b[F(@)=Fb) — @ =b ] which shows § is injective

L/v—"‘J
\ O -to - ore, m“PP"‘S

e4- ’Prme the Fud:im g N — N, df’-plﬂcd bg LJU\) = \_n/%.\ IS Surjechve.

DcFQ ok Surjeckivity Imgtﬁ) = coDom\S)

\J\)e (:CCA 0'“3 Orb\b‘nrs vave 2 into 8 and SWS t})(ll; 1% hd\ds. =) S,ry(bm.

Let n €N W /\

Notice that 9(3!)) - \S&n)/sj =1 "\(-;\N) =) gb’-) EN A w Dom\9> (&j IN
Rungcnfg Shown

Since 3n €N, this sheus thak n isin the nunge of 9. =) Sujccbvitg.




[ (:cz/fcw
Prwf ngm’q@,s / i
® To prove a function 1s injective/one - to-one we Must Shous the pollow:ng :
F:A— B

ety M =) (062 =) or cnvuptun s
’gg,ge/\ UI #y) =)(({(1) # th))

To prove this Statement, e bcs'm bg d\oos'ms two arbitrary elements of the dormain and
assome the hypothesis of the imphation 1-e. we begin with * Let x,g €A ond assume fy=Fy’
We bL)en Use the rules of dgebm. ko show tbe conclusion must Follow.

eq. Let f [0,0¢) -=1[0,%) be defined such that F(x) =\ . Prove { is an Injection.
9
: Def{__) oc Injecbon ' 3T!:x,g € Domi(f) \\I =y) =) \Hi) =1( \3)))
Qrm.Ha) -t(b)

We 0bbioed K‘Considar a,b € Domlf) i-e. 18,%) and by defo of injection F () =Fl3)

& =b wWhich = Na =\b
1S In A Cardoes =) 0.‘ = b (Sq,mn’ both ‘Si&-s) ;. Squarc Vr«lws lre « +VE
Wikh H)e ks

of dgebra)k This shows that Yo b eLo,w)\r(a) :Hb) =) A = B)
=) F IS an njeckion.

\I- We. assumed that rwna inyeckive and reached a condusion. Ne |oa,( 0t Qur Statement. and
bhe-concuson +a-accordonce try o make ik Match the theaem
This conclusion and its hypothesis maich the debinibon of defintion Using pre-existing rules (axi0Mm3)
injection (Theo rem),
This condusion has been reached based on the defined rues
of elgebra. (0x10ms)(or other lemmas and Thesrems - Their coduses & Npoth's'cs) ‘-.
This is the proof |




Usig [Ce Numbe axiomy

r o
© Ve i

Prove that IR, x >0

L\k COUH depmc \S p\mtlon F B 2 e ang % ghgu) that (-w,») ——5[01.90)

equel,
@ To prove. o hunction is Swiective, onto ,we Must Show FIA) =B, We must Shows the 2 sets F(A) and B are

A -g ij(f) e ()
We assume the bnction [ is well defined = we must show B € F(A)
we kneld ‘ L
F(A) CR is a We could use the defn of a supsck
well-defined function Show every elemmt B is also an element of A.

We begin proot by ang an erbibrury element of R We ben use other def0 , theorom, algebreic
Manipulabion to show thek bhis arbibrury dement: mus: be the image of some element: of A.

©




_{_-OL ANy Set X, there is @ gmc qroup 0N A

Mg of fm: qroup ON A

any

Jppose F 1S a group and ) The gf'QggPF 5 E'g;,»ﬁ on A if, qiven & (roup (v and any

map & X G, 2 extends Uniqudg to a. qrovp homomorphism g k=6




oy At

We were first. introdwced to a Qrovp 05 follows *
Six s possible operutions were defined which left )
the A \oﬂknf\g Similar. b~
¢ = idenbiyy (= 260°) ~
r= 120 o (=240 cerd)

52240 ¢/ (& 120° co/w) |
@ = reflation in

b = reflecton inb

¢ = reflecboninc

Bg cOmPOS'..-,S the Lransformo.tjons,wc’- dentitied a. group behavior aﬁd‘@g- ol = t))
With the resuls TF H)e‘rmPoS'ibons and recorded ik in a Cajeg Table.

* rl sl a bic

A
e | r S 2 |b | C

O
o
\r

Nou) p let's consider the reverse cose.




/C’alo S pﬁ\"“'j :
Hv'stomallg, grovps were develo develop}g@tJ ko Skody the properties of the raoks of Polsmml;.

\ The permutnbon qrovp was one of Lhe F-rst grovps developedwtth their closvre, identibj,
' in\lert3bi'il}j and associabivity properties.

W:L‘ﬂ P\)rl}rr Jevdopnrﬂ: N gmcp U\‘.’Orgi 15 tumcd oLt Ehu; ngml:n'es‘ OF S‘Ylpcs and
o%:ha- Opcm.t}mg in Modular anthwtjn also had gmup bﬁhavior‘. \

By Cag)eﬂ s Theorem , ] grovps 0T vagmuPs Tsomorphigns could
of the permutation grap on n Symbas. be 3hown between
any L qro.ps
Insbea.d O‘c d‘bosing Q_ Ohjais and Showms Isomrphisms eg. Dg 2’@.‘ ,“'s)
betueen }:}mr qrop smmm,we covld Make the or Makrices & bundormetun
permunbion grovp “act' on these objecks of planes ‘

This 1300id yield the same grow by the TS50 morphism
implied 55 Cagey's Thearem.

Dfpnmhm QF o f;r0£ A AP

ot (5 be (. group. Let X be a sek. we Say H\at (- acts on the set X 'nf Lhere exics a

g [ !
G‘ A x g A X tor the map to exist, L Surjection reguines
K9 /1) £ = Seme (‘crdmalng),G (which could be a
Such that Subgroup of o.lerger qrop) must have the
u) ex=x Vi€ X or covld it Same order os the cardineli by ot XK.
(i) 9U\ 4 | 9’\(1) \/9)” G Vx( X be an 1njecbon the Cartesian prodvc,t Will Creake |
nly wikh soma - every possible. combination of G- and X /

Jerments X [ bt ePBENIng that G- has effect on all elements

G A .l ehing / of K.
@\7}'\9 /X:j N < - The INap H)ﬁﬂ OUtPUtS Whioh ’
Povser A

— clement Y eement of X 15 Hhe resull: ofter
\,\J

Ruies G hos operuked on the element
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Do R LoD
0 N S A .. /{
4.4 32 4 5 0 ki uw ( Perric. akout 511'3;2.1’*.?;;'(
12 i) B S..0 1 of (2::'./:4{ ,7_,‘!‘,)';/
2.3 4 S 1 9 |
e 4 5 0 4172 2
R Do . X S

1 \Z,+¢ ) l =&
| =) Jrder OF Subgrovps — ?_,3 (Lagm%els T}ICO'CN)

L s
3' 0,3 €

del 0 | 3 | €

QI ) I T | &
— —————

310 |3




