The Product of Shapes



The product is the resulk of o mulkiplication operation The latter is present in all areas
of mathematics.

Genomll:, , Multiplication kakes 2. elements oS inpyt and produces another one based on o Set of pre-
defined rules.

There are differont kinds of product which are all defined differently based on their ukslity and consistency
Wit mahematics. ™ b
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: Only a short segment
The product is Usvally introduced during the multiplication of Nakural Numbers. will be presented

here to keep this
article light and

The arithmetic Por Natural numbers Is formaLised in the Peano Axioms. relevant. More

details can be found
in the provided

.We define a Fonction S :IN—>IN Such that S maps an element: of IN bo its Successor,  references.
[ Inboitively, we think S 2 % > % +4 but we have not yet defined addition and will net do so here ]
*We define a least element in N (Tt is the Suecessor of none) and assign ik the aymbol O.

e-4. S(0) = 1< (Symbel For successor of least element b)

3(S(0)) =3(4) = 2 (Symbo) for Successor of .'1.)

and So on. .. ® ()

| l
«We new define mulkiplicakion based on the ?ollowing re: a-0=0, 0. S(b) =a+(a b)

Where @,b €N ,+ is the addibion operator[behaves as vsvol ] and + is the multiplication operator.
Let’s bry 73 =24
2:S(2) =7 +(#:2) Rue® and 3(2)=3

= 2+(3:319) sta)=2

= 3 +(3+ (:’"1)) Rule ® We See here how this definition of mulkiplication
= 2 +(24(3-300) sto)=1 'onpacks’ 6. muiplication into repeatad addition
« 3% +(?+k%\9))) Rule ©
0
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As We have seen, the Peans Asioms formalises the usual and historical definition of mulkiplication o
repesbed addition.Tn the past, this sped up counting of caktle ,Sack of grains in agriculture and

tollection of boxes and debt.

Apa.rl: from repeaked addition , mulkiplication in IN could also be interpreted Jiffermklg. Let's b'j

Ux3=6. This set contains
ol) the possible
AX_B) arrangements of the
clements of A % B.
1Al=2 IBl=3 The size of Lhis set

|AxB| =© is the resvit of the
produet of the Siaes of the sers A £B.
Nom {-Jor the DU’L“J” numbers the inkvition of n’w!tipii(m:ion 0.8 f‘ar.;\@::_t.fd addibion skarts ko leosen up & bik

ond is mone Seen 0 a Mathematically correct map of 0 elements ko another.

For example consider Fractions (® ) : Here, vepeated addition can
| of dt s |/ of o ﬂ; & x £ =0c | somehodbeseen ! 41 = |.
/2 - 4 b 4 b " 3
'/1"F . wkole
Whele

Consider the inbegers (2)° Def-'g For Sign

“4X2=-2  1X2=4 -2x-2=+4

Now Por IR and € ) less and less repeat=d addition can be seen in their definitions. For other mathematical

objects like veetors ,ratrices, sebs , algebraic Structures  the notion complebely disappears .

e-q. Makrix Muliplication : [ @& b ke : oe+bf
¢ d f PR



As the product is divorced From its rudimentary notion of nepeated addition, we can define muikiplicakion
on other mothemabical objects which are not numbers while remaining mathemabically corvect.

The produck of Seks previously encountered is Known as the Cortesian Product.

Consider IR xIR: /\'Tlns et conkaing
. X . — a)) the possible unigye
combinations of the
IR IR

IR X IR elements of IR.
The setof
k reel numbers

(Feometric Tnkerpretation

We need a Way o display oll the possible combinations of IR". To achieve bhis,We could orient one real
Line perpendicvlar to the other So thak each element of one line interseets the elements of the other exadiy
IR" = IRxIR  (Fafa) The geometric interpretation of the
Cortesian Produes is the Cartesian
Plone.

Onee - |R

Let's by this with other seks :

The following if done in the rigorous way would be out of the scope of this
article. Instead, a sketch of the idea will be provided to capture the
essence of the problem. Full information will be present in the references.

Nc chall consider o. Circle and o Aine as a. Set of points Sab'nging their respective eqpations

ond that those Solutions give rise Lo these particvlar Shapes.

X (0 X /) Similu-ij ko the previovs example, We place these
bwo _h_ o each other and the space that this

Set of points on Set of points on Setup ingcribes would give rise bo o Cylinder.
o 2 ‘ . Sl
Circle !,Ing. ' :
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